We derive an analytic formula for the lateral dynamics of solitons in a general inhomogeneous nonlinear media, and show that it can be valid over tens of diffraction lengths. In particular, we show that solitons centered at a lattice maximum can be "mathematically unstable" but "physically stable". We also derive an analytic upper bound for the critical velocity for tunneling, which is valid even when the standard Peierls-Nabarro potential approach fails. Solitons have been thoroughly studied in diverse fields of physics such as nonlinear optics, BEC, plasma and water waves. By now, the stability and dynamics of solitons in homogeneous media are well understood. The possibility to manufacture transparent materials with spatially varying, high contrast dielectric properties raises new questions regarding stability and dynamics of solitons in inhomogeneous media. In particular, while in a homogeneous medium the solitons can freely move sideways, in an inhomogeneous medium the loss of translation invariance affects the lateral movement of solitons. The problem of lateral movement of lattice solitons is interesting theoretically and important for applications such as all optical switching and quantum information science. It was studied analytically, numerically and experimentally for various media and lattices, see e.g., [1, 2, 3, 4, 5, 6] . However, each of these studies considered a specific nonlinearity, lattice type and dimension.
Solitons have been thoroughly studied in diverse fields of physics such as nonlinear optics, BEC, plasma and water waves. By now, the stability and dynamics of solitons in homogeneous media are well understood. The possibility to manufacture transparent materials with spatially varying, high contrast dielectric properties raises new questions regarding stability and dynamics of solitons in inhomogeneous media. In particular, while in a homogeneous medium the solitons can freely move sideways, in an inhomogeneous medium the loss of translation invariance affects the lateral movement of solitons. The problem of lateral movement of lattice solitons is interesting theoretically and important for applications such as all optical switching and quantum information science. It was studied analytically, numerically and experimentally for various media and lattices, see e.g., [1, 2, 3, 4, 5, 6] . However, each of these studies considered a specific nonlinearity, lattice type and dimension.
In this Letter, we provide, apparently for the first time, a unified theory for the mobility of lattice solitons which is valid for any nonlinearity, lattice type and dimension. We show that soliton mobility is intrinsically related to soliton stability, two key properties that so far were studied separately. This relation enables us to compute analytically the rate of drift of solitons initially centered near a lattice maximum, and the restoring force that the lattice exerts upon solitons initially centered near a lattice minimum. In the latter case, our approach provides an upper bound for the critical velocity for tunneling, which is valid even when the standard Peierls-Nabarro potential approach cannot be applied.
All solitons centered at a lattice maximum are "mathematically unstable", as they drift towards the nearest lattice minimum [4, 5, 6, 7] . However, the ability to compute the magnitude of the drift rate allows us to identify cases in which the drift rate is so small so that the soliton is "physically stable", i.e., the drift instability does not develop over the propagation distance of the experiment. This observation explains why in some experiments solitons centered at a lattice maximum were observed to be stable [3] .
Consider the dimensionless nonlinear Schrödinger equation (NLS) with a linear lattice
where x = (x 1 , . . . , x d ) and V is a linear lattice/potential with a characteristic length scale or period 1/N . This equation describes propagation in a media with Kerr nonlinearity as well as quintic, cubic-quintic, saturated/photorefractive nonlinearities etc. The variable z denotes the propagation coordinate in nonlinear optics and time coordinate in BEC. Eq. (1) has soliton solutions A = e iµz u(x), where u is the solution of
It is well known that a necessary condition for stability is the slope (VK) condition dP dµ > 0 where P = u 2 dx is the soliton power. Violation of the slope condition leads to a width instability, i.e., small perturbations can lead to large changes of the soliton width, which in some cases result in collapse [4, 5, 6] .
If the soliton is centered at a lattice maximum, it can become unstable even if the slope condition is satisfied [3, 4, 5, 6, 7] . Indeed, there is a second condition for stability, the spectral condition, which states that for A = ue iµz to be stable, the number of negative eigenvalues of the operator L (V )
′ should be at most one more than the number of negative eigenvalues of the operator L
. A simpler version of the spectral condition was derived in [4] for the case u > 0. Recall that in a homogeneous medium, L 0,j attains a negative value [4] .
The spectral condition can be derived from the following linear stability analysis [8] .
Let A = e iµz (u(x) + h(z, x)) where h(z, x) is a small perturbation. Since the instability due to violation of the spectral condition originates only from the eigenfunctions f
+,ν which correspond to negative λ (V ) 0,j , we can rewrite the perturbation h as
where c ±1 are constants and L
−,µ is positive definite,
Therefore, Ω j is real (i.e., instability) when λ (V ) 0,j < 0 and imaginary (i.e., stability) when λ
The effect of a lattice on λ (V ) 0,j was studied in e.g., [4, 5, 6, 7, 9] , where it was shown that if the soliton is centered at a lattice minimum (maximum), then λ (V ) 0,j becomes positive (negative), hence the spectral condition is satisfied (violated).
In [4, 5, 6, 7] it was observed numerically that violation of the spectral condition results in a drift instability, i.e., the center of mass (COM) of the beam in the x j coordinate, defined as x j (z) = x j |A| 2 /P, drifts away from its initial location x j (0) near the lattice maximum. So far, however, the relation between the spectral condition and the drift instability has not been established analytically.
To do that, we note that since f
Relation (5) shows that a failure to satisfy the spectral condition (λ
determines the drift rate away from the lattice maximum in the x j direction.
A simpler expression for C V can be obtained for a weak lattice (V ≪ µ) and a power nonlinearity F = |A| p−1 .
In this case, f
. (3) gives
From the Pohozaev identities it follows that
Hence, for a weak lattice, the dependence of the drift rate Ω j on the lattice period N is only through its effect on λ
0 . The approximation (6) can be generalized for different nonlinearities and to lattices which are not weak. For example, in the case of narrow lattice, Ω 2 j is given by (6) with µ replaced by µ + V (x 0 ) where x 0 is the location of the soliton peak [5] .
We solve Eq. (1) numerically for F = |A| 2 , d = 1 and
with the initial condition A(0, x) = u(x − δ), where u(x) is the solution of (2) centered at x = 0. Therefore, x(z = 0) = δ (since d = 1, we can suppress the index j). For a small shift δ ≪ 1, we can rewrite
, then c 1 − c −1 = 0 and by (4),
In our simulations we observe that that the COM evolves according to (8) , see Fig. 1(a) , and therefore, calculate the drift rate numerically by finding the best fitting Ω. We fix V 0 = 0.1 and µ = 4.5 and vary N . As expected for a soliton centered at a lattice maximum [4, 5] , λ Fig. 1(b) . In Fig. 1(c) we confirm that the numerically computed drift rate Ω is in excellent agreement with Eq. (3) and also with the approximation (6). Accordingly, each value of λ (V ) 0 is attained at two different values of N for which the drift rates are nearly identical. Indeed, in Fig. 1(a) we see that the drift rate of the COM when N = 0.2 and N = 1.437, both for which λ (V ) 0 ∼ = −0.0454, is the same over more than 3 orders of magnitude and 40 diffraction lengths. In Fig. 1(d) we repeat these simulations with a stronger lattice (V 0 = 2). In this case, the numerically computed drift rate is in excellent agreement with the one predicted by Eq. (3). The approximation (6) is very accurate only for narrow (N ≪ 1) and wide (N ≫ 1) solitons. Indeed, although the lattice oscillations are not small, for narrow and wide solitons, the effect of a mean-zero lattice is weak, hence the deviation of f (V ) j from ∂Q ∂xj is small [4, 5] . Although for solitons of N = O(1) width the deviation of f (V ) j from ∂Q ∂x is not small, the approximation (6) is, at most, 10% inaccurate.
In Fig. 1 (e) we fix N = 1 and V 0 = 0.1 and vary µ. As in Fig. 1(b) , since the soliton is centered at a lattice maximum, λ vanishes in the two limits µ → 0 (wide solitons) and µ → ∞ (narrow solitons). In Fig. 1(f) we see that Ω is monotonically increasing in µ, and that the numerically calculated drift rate is in excellent agreement with the analytical prediction (3) and also with its approximation (6).
We emphasize that despite the similarity of the dependence of λ (V ) 0 on N and µ (see Fig. 1(b) and Fig. 1(e) ), the dependence of Ω on N and µ is completely different in the narrow-beam limit. Indeed, for narrow beams λ
[5] so that by (6) ,
. Hence, Ω vanishes for a fixed µ and N → 0 (Fig. 1(c) ) but approaches Ω narrow ∼ = 2.8 for a fixed N and µ → ∞ [ Fig. 1(f) ].
In order to show that our results are also valid in higher dimensions, we solve Eq. (1) in a d = 2 setting with
with V 0 = 5, and find the numerical drift rate to be in excellent agreement with Eq. (3), see Fig. 1(g) . Remarkably, although the lattice is strong, the numerical drift rate is also in excellent agreement with the approximation (6) in which µ is shifted by V 0 /2, the mean of V . The analytical relation (8), together with (3) or (6), enable us to estimate the distance at which a soliton initially centered near a lattice maximum will deviate significantly from its initial location. In particular, if the initial shift δ and/or drift rate Ω are sufficiently small, then this "mathematically unstable" soliton can remain "near" its initial location over the propagation distance of the experiment, i.e., be "physically stable". This observation can explain the experimental results of [3] , where solitons centered at a lattice maximum did not drift over ≈ 18 diffraction lengths.
The relation between the sign and magnitude of the perturbed near-zero eigenvalues {λ
and the drift instability appears to be universal. Indeed, we now show that it also occurs in numerical calculation of soliton profiles using Petviashvili's iterations method (PIM), which is nowadays frequently used in optics and BEC [10] . In [11] it was proved that PIM converges only if L (V ) +,µ has at most one negative eigenvalue, which is a spectral condition similar to the one for the stability of NLS solitons. Accordingly, PIM is not expected to converge for solitons centered at lattice maxima.
We solve Eq. (2) with F = |u| 2 using PIM with the initial guess u (0) = u(x − δ), where u(x) is the solution of (2) centered at a maximum of the lattice (7) with V 0 = 0.1. Similarly to the dynamics of NLS solitons centered slightly off a lattice maximum, the COM of u (m) evolves according to x(m) ∼ δe Ωm (data not shown), where u (m) is the solution in the mth iteration. Thus, we conclude that when the spectral condition for PIM is violated, the method does not converge because the iterative solution drifts away from the lattice maximum. In that sense, the analogy between the dynamics (in z) of NLS solitons and of u (m) (in m) is further demonstrated, since in both cases, violation of the spectral condition leads to a drift instability. We also compute the exponential drift rate Ω numerically for various combinations of N and µ and observe that Ω
where the constant D V depends on V 0 but is independent of µ and N , see Fig. 2(a) . Interestingly, the scaling of Ω in λ
and in µ is different from (6), yet in both cases Ω depends on N only through λ (V ) 0 . Although in [11] it was proved that the iterations should diverge for solitons centered at a lattice maximum, in several studies these iterations did "converge" [4, 5, 12] . To explain this apparent inconsistency, in Fig. 2(b) we plot max x |u (m) − u| as a function of m for N = 0.2, µ = 2 and the lattice (7) with V 0 = 0.1 and
2 , and observe that the iterations converge (i.e., max x |u (m) −u| < 10 −13 ) after ≈ 40 iterations. However, if we continue the iterations, a significant drift of the COM occurs around m ≈ 2000. To understand this "post-convergence" drift, we note that in this example, λ −16 e 0.018·2000 = O(1). This example of a numerical iterative solution which theoretically should diverge yet in practice converges is thus analogous to the mathematically unstable yet physically stable NLS solitons discussed earlier. We now consider solitons centered near a lattice min-imum. Since λ (V ) 0,j > 0, the spectral condition is satisfied. Hence, these solitons are stable under small lateral perturbations. Indeed, relation (5) shows that small lateral perturbations would lead to oscillations around the lattice maximum, while relation (3) shows that the magnitude of λ (V ) 0,j determines the strength of the restoring force. For example, consider a soliton centered at a lattice minimum which is launched at an angle θ j between the x j and z axes. Such an angle corresponds to an initial transverse velocity of v 0,j =ẋ j (z = 0) = tan θ j . By (3)-(4), the COM evolves according to
Thus, as λ (V ) 0,j , hence |Ω j |, increase, the maximal deviation of the COM from the lattice minimum becomes smaller, implying stronger lateral stability.
Eq. (10) gives an accurate description of the dynamics for small velocities. However, for non-small velocities, as the soliton propagates sideways, the attraction towards the lattice minimum decreases, an effect which is not captured by Eq. (10) . To see that, we solve Eq. (1) with d = 2, F = |A| 2 and the lattice (9) with V 0 = 0.5. The initial condition is A(0, x, y) = u(x, y)e i(v0x+v0y)/2 , i.e., a soliton centered at a lattice minimum x min = (0, 0) with initial velocity in the direction of the nearest lattice maximum at x max = (0.25, 0.25). Indeed, for small initial velocities, the agreement between the dynamics and Eq. (10) is excellent, see Fig. 3(a) . For higher velocities, the COM initially evolves according to Eq. (10) but deviates from it as it approaches the lattice maximum, see Fig. 3(b) . For a sufficiently large initial velocity, the soliton can "tunnel" beyond the nearest lattice maximum. The critical velocity for tunneling v and maximum, respectively. In order to apply the PNP approach, the power of the soliton centered at a lattice maximum should be equal to that of a soliton centered at a lattice minimum. For a two-dimensional Kerr medium (F = |A| 2 ), however, such "soliton pairs" do not exist, since the power of all solitons centered at a lattice maximum is below that of all solitons centered at a lattice minimum, see Fig. 3(c) . Therefore, one cannot use the PNP approach, and the upper bound v cr th provides the only analytic estimate of |v cr 0 |. Finally, we solve Eq. (1) for a cubic-quintic nonlinearity and the lattice (9) . As in the Kerr case, for small initial velocities, the agreement between the numerics and Eq. (10) is excellent over many diffraction lengths [ Fig. 4(a) ], while for higher velocities the COM deviates from Eq. (10) as the soliton approaches the lattice maximum [ Fig. 4(b) ]. In this case the PNP approach is applicable [see 
